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A simple involution on the set of triples of partitions into distinct parts is given which proves 
a theorem of Jacobi. It is found by explicitly identifying an involution resulting from the 
Involution Principle. 
1. Introduction 
Euler’s Pentagonal Number Theorem states that 
fi (1 _ 4i) = 1 + i (_l)k . [qk(3k-w + qk~3k+wj, 
i=l k=l 
(1 1) . 
Franklin [2] gave a wonderful combinatorial proof of this theorem. It is clear that 
the left side of (1.1) is the generating function for partitions with distinct parts, 
each part weighted by -1. If it # 0, k(3k - 1)/2 or k(3k + P)/2, i.e. rt is not a 
pentagonal number, then the coefficient of q” on the right side of (1.1) is zero. 
For these values of 12, the number of partitions of 12 into distinct parts with an 
even number of parts must equal the number of partitions of n into distinct parts 
with an odd number of parts. Franklin gave an explicit bijection between these 
two sets. If n is a pentagonal number, the coefficient of qR is =tl. In this case 
there is exactly one partition which is left unmatched by Franklin’s “bijection”; 
he gives this partition explicitly. 
In more modern language, we refer to the bijection in Franklin’s proof as 
Franklin’s involution. Let PD(- 1) be the set of all partitions into distinct parts 
Fsith each part weighted by -1. Then Franklin gave a weight preserving sign 
reversing (WPSR) involution on IJpD( - 1) whose set of tied points is 
fi{A:A=(2k,2k-l,..., k + 1) or A = (2k - 1,2k - 2, . . . , k)}. 
k=O 
The generating function of this fixed point set is the right hand side of (1.1). 
* Partially supported by a fellowship from the Sloan Foundation and by N.S.F. grant DMS: 
8500958. 
0012-365X/89/$3.50 @ 1989, Elsevier Science Publishers B.V. (North-Holland) 
262 J.T. Joichi, D. Sfazfon 
Jacobi [S, p. 237, Eq. (S)] proved that 
[fi (1 - qi)T = E (-l)& l (2k + 1) l qw 
LizI J k=O 
In this paper we give a combinatorial proof of (1.2) by use of a WPSR-involution. 
Clearly, the left side of (1.2) is the generating function for ordered triples of 
partitions with distinct parts, that is, the set PD(-1) x PID(-l) x PD( -1). The 
right side of (1.2) will be the generating function for the set of fixed points for our 
involution. The non-zero terms correspond to the triangular numbers k(k + 1)/2, 
with multiplicities 2k + 1. Thus the set of fixed points should correspond to 2k + 1 
copies of the triangular partition Tk = (k, k - 1, . . . , l), which has sign (-l)k. In 
fact, our fixed point set is 
where &,, = (k. k - 1,. . . , k-j + 1). Since Tk,jU Tk-j = &, we have the re- 
quired 2k + I copies. 
In Section 2 we give our involution on IFpD(-l) x PlID( -1) x (F3D(-1), which 
turns out to be related to Franklin’s involution. It was motivated by an analytic 
proof of (1.2), whose bijective version is given in Section 3. Our starting point is a 
variation of a bijection of Hathaway (see [lo, 0621) for the Jacobi triple product 
identity. 
In Sylvester’s paper [lo], there are three combinatorial proofs of the Jacobi 
triple product formula; two due to Sylvester, and one of Hathaway. Sylvester’s 
first proof [lo, §37-391 is a bijection for 
fi (1 + Qq*-l)(l+ a-$+’ 
PI=1 
) = nn1 (1 - q2”)-l l [ 1 + e qnz(an + aen)]. 
n=l 
This bijection used the idea of the Frobenius representation for partitions. Sudler 
[9] also gave a bijection for (1.3) using a Durfee rectangle. 
Sylvester’s second proof [lo, 458-611 is a sign-reversing involution. Knuth and 
Paterson [6], following Zolnowsky [ 121, gave Sylvester’s involution as an 
involution for Jacobi’s identity in the form 
JJ (1 - &-1) . (1 - j-&J’) . (I_ pg) = 1 + c (_l)k 
i=l k=l 
. U(k2+W 1 . v(k2-k)R + U(k2-k)i2 . U(k2+k)R)_ (14) . 
Zolnowsky’s involution for (1.4) can be derived from Sylvester’s (see [6, p. 2051). 
Cheema [4, §g.2] and Sudler [9, §3] also gave sign-reversing involutions for 
Jacobi’s identity. These involutions are closely related to Hathaway’s bijective 
proof [ 10, §62-641 which was rediscovered by Wright [ 111. The relevant form of 
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Jacobi’s identity is 
fi (1 -q’)(l -x-‘qi-1) = ff (1 - qyg (-l)k(p -pk)q(k:l) (1.5) 
i=l i=l k=O 
In fact, Hathaway’s bijection for (1 S) almost immediately gives the sign-reversing 
involution of Cheema and Sudler. 
Given any of these proofs of Jacobi’s identity, the Involution Principle of 
Garsia and Milne [3] guarantees the existence of some involution which proves. 
(1.2). The precise nature of the involution will be own (as for example, in 
Lewis [7]), as compared to our explicit definition in Section 2. In fact, our 
involution is the result of the Involution Principle, and we identify it in Section 3. 
This is the first time that a new explicit sign-reversing involution has been found 
with the Involution Principle. 
It is natural to ask if any of the previous proofs can easily give an involution 
which proves (1.2). For example, the left side of (1.4) is the generating function 
for triples (&, PO, &), where pk is a partition of a Gaussian integer and if u + it! 
is a part of &, then u - 21 = k. By talking real parts, we have a bijection from the 
set S = {(PI, PO, E&i is not a part of P+} to PD(-l) X PD(-l) X PllD(-l). So 
we can try to restrict Sylvester’s involution to S by declaring the fixed points to be 
those points which are mapped outside S by Sylvester’s involution; then see if an 
appropriate involution results. The answer is no; the resulting involution has too 
mans fixed points. If the same process is applied to ZGJinowsky’s involution, there 
are agam too many fixed points It turns out that the parameter h in Case 2 of 02 
allows our involution to ca”‘.a Llbr~ these fixed points, leaving only the fixed points 
desired. Sudler [9] says that he can give a direct proof of (1.2), but “the details 
are a little tedious and not very interesting”. Apparently he did not find an 
involution as simple as ours. 
In what follows, IFP denotes the set of all partitions. For a partition il, let 
VII = sum of parts of A and InI = number of parts of A. If 5 denotes a set of 
partitions, then S(y) indicates that for il E S, Weight(n) = q1’“19’% The weight of 
a set of partitions is the sum of the weights of the partitions in the set. The weight 
of an atuple of partitions is the product of the weights of the partitions in the 
n-tuple. Finally, we use the standard notation 
(a)k = ‘z (1 - a$) for k 2 1; (a)0 = 1 and (u), = fi (1 - a&. 
j=O j=O 
2. The involution 0 on lPD(-1) X PD(-l) X ND(-l) 
We give here the involution o which proves (1.2); we begin by introducing 
some additional notation. Recall that the Franklin involution on PlD(-l) 
compared the smallest part of a partition A to the length of the initial run of A. 
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Notation. For A = (A,, AZ, . . .j E PD(-l), let 
As = smallest part of A, 
Ad = A with smallest part deleted, 
f(A) = length of first run in il 
=max{n: for N&n, li+i=Ai-l}+l, 
A +* = A with first m parts each increased by 1 (m < IAl), 
A -* = A with first m parts each decreased by 1 (m < IAl). 
If A=&, . . . , Aj, m+h, m+h-I ,..., m+i) whereAj>m+h+l, thenwe 
write A = (1, T,+& where i = (A,, . . . , Ai). 
We will define O(K, A, p) when IAl a 1~1; if I& > IAl, then interchange the roles 
of A and ~1. The two cases considered below will cover all possibilities except 
when A = Tm and either K = p = 8 or e = p = 8, where K = (it, Tm+&. These are 
the triples of the form (T,,,,,, Tm, 8), where m 2 0 and h a 0, which are the 
fixed points of o. 
Case 1. 
(a) If k not triangular and (K = 0 or K, >f(n)), then let W(K, ii, p) = 
((&f(A)), A-'? P)= 
(b) If O< k, Gf(n), then let O(K, A, p) = (K~, A+%, p). 
Case 2. Suppose A = T, and K = (it, Tm +h,h), where m 2 0, h > 0. 
(a) If ~1 #lb and (E = 0 or Zs > h + m + &, then o(@, Tm+&, Tm, JL) = 
((R h + m + cls, L+h-,,,A L-I, P”). 
(b) If p= 0 or (h + m + 1-c kS c h + m + ,us), then w((k, T,+&, T,, ,u) = 
((Ed, L+tz+l.h), L+I, (P, is - h -m - 1)). 
Clearly, o is a WPSR-involution. 
For q’, there are 42 triples of partitions (K, A, p). Since 5 is not a triangular 
number, the involution o must create 21 pairs of such triples. These are listed 
below by cases with the positive triple listed first. 
Case 1. 
(%8,32) * (2,621) (0,0,41) * (1,0,31) (0,2,3) w (1, 1,3) 
(0,521 ++(l, 2,2) (0,32,0)+2,21,0) (0,4, 1) +1,3,1) 
(0,41,0) - (1,31,0) (1,0,4) t, (0,095) (1,19 21) * (0JL 31) 
(1,21,1) -(0,31,1) (1,4,0) ++ (0,5,0) (2,0,3) fJ (219 09 2) 
(2,3,0) * (21,2,0) (Xl, 1) - (2,2,1) (3,0,2) * (31,0, 1) 
(3,2,0) -pa, 1,0) 
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Case 2. 
(%1,4) ++ (5,&O) (32,0,0) w (3,1,1) (4,0,1) - (0,2,21) 
(4,1,0) c, (09% 2) (41,0,0) * (2, 1,2) 
3. The involution principle and the Jacobi triple product identity 
The involution o of Section 2 was found by giving a MY-injection 
8:PlD(-1) x PaD(-X) x PilD(-l/X) 
--) PlrD(-1) x IIp(1) x fi f &(-X) x Zj(l/X) 
k=Oj=O 
(3.1) 
(where %k = {&}, 0’ = the partition with j o’s and Zj = (0’)) and a signed 
bijection @ which results from the Involution Principle applied to two WPSR- 
involutions on the range set in (3.1). They are based on a bijective proof of the 
Jacobi triple product identity 
(2x jm l (l/X), = $. 2 (_l)k . (xk -X-l-k) . q(k:‘). 
00 k=O 
To prove (1.2), divide by 
(q& l (q/x)_ = & l 2 (-l)k l (x” + Xk--l + l l l + Yk) l q(“:‘), (3.3) 
00 k=O 
multiply by (q)* and let x = 1. The cancellations from the two divisions in (3.3) 
can be interpreted as two WPSR-involutions o that the Involution Principle gives 
an involution which proves (3.3). Finally, another involution accomplishes the 
multiplication of (3.3) by (q)=; thus, after two applications of the Involution 
Principle, we would have some involution which proves (1.2). Instead of trying to 
identify that involution, we will give, explicitly, an involution which proves (3.3). 
The multiplication by (q)= will give us an application of the Involution Principle 
that we can explicitly identify. 
Let 
A = Pab(-x) x &YD(-l/x) and (3 4) . 
S= P(l)X fi 6 Uk(-X)X Zj(I/X). (3 5) . 
k=Oj=O 
Then 
Weight(A) = (qx)m l (q/x), (3 6) . 
Weight( IB) =-& i (_1)k. (Xk +xk-’ + . . . +x-k). qtk3. 
=k=O 
(3 7) . 
J.T. Joichi, D. Stanton 
h 9 9 9 9 8 8 8 
8 12 
5 10 
4 10 
2 9 
7 
4 
3, 9876432 
Fig. 1. 
To prove (3.3), we need a W&injection (J: A+ S and a WPSR-involution q!~ on 
8 with fixed point set a(A). To define a, we modify Hathaway’s bijection for the 
Jacobi triple product identity. We let a@, cc) = (v, Tk, 0’) where k = 11 Al - 1~1 I, 
j=OiflAlz+l, andj = 2k if IpI> IAl. If IAl 3 1~1, let A’ = (Al, A2 + 1, A3 + 2, A4 + 
3 , . . .) and A#= the conjugate of A’; then define v = (vl, v2, . . .) by vi= 
k+i+~~ for l&~lAI-k=l~l and vi=& for i>l& If Ipl>lAl, then 
interchange the roles of A and p above to determine v. 
Example. A = (9, 8, 7,6,4,3,2), A’ = (9, 9, 9, 9,8, 8, 8), p = (8, 5,4,2), k = 3, 
v = (12, 10, 10,9,7,4) (Fig. 1). 
We note that, in either case, the resulting v is k-compatible, i.e. if m(v) = 
max{i: vi > k + i} U (01, then ‘v,(,)+~ <k + m(v) + 1. Conversely, it is easily 
seen that if v is k-compatible, then there exists &, pl) and (A2, p2) so that 
(v, G, 0) = 4L PI) with IhI Z- M, and @, Tk, 02”) = @2, ~2) with It421 > IU- 
Thus CT is a WP-bijection of A onto a(A) and a(A) consists of the triples 
(v, Tk, 0’) where v is k-compatible and j = 0 or 2k. 
Next, we define the WPSR-involution q in B - a(A). To define ~(v, Tk, o’), 
we consider two cases; ly will interchange these cases. 
Case 1. v is k-compatible and 0 <j c 2k. 
Case 2. v is not k-compatible. 
In Case 1, we let ly(v, &, Oi) = (v’, Tk+ Oi-‘) where V' = (v;, v;, . . .) is 
defined by: 
y; = vi - 1 for lSiGm(v), 
v&+~ = k + m(v), and 
v; = Vi-1 for i >m(v) + 1. 
Involution for Jacobi’s identity 267 
Note that we have merely shifted the part to the right of the diagonal up one row 
and decreased the size of the triangle by one row. 
In Case 2, we note first that since Y is not k-compatible, we have v~(,,)+~ = 
k d-m(v) + 1. We let q(~, &, 0’) = (v’, T k+l, Oi+‘) where Y’ is defined by:’ _ 
vi = q-l-1 for N&m(v), 
= Vi+1 for i >m(v). 
In this case, the part to the right of the diagonal has been shifted down one row 
and the size of the triangle has been increased by one row. 
Clearly, the W&injection O: A+ lEB extends to a W&injection ii: IFDID x 
A+ IIpD( -1) x B and the WPSR-involution ‘11 on lE3 with fixed point set a(A) 
extends to a WPSR-involution $ on PD( - 1) x lE3 with fixed point set P UD(- 1) x 
a(A). Thus, we have embedded UXD( -1) x lPlD(-X) x PD(-l/x) = HD(-1) x A 
bijectively via a inside liXD( -1) X IEB. We introduce another WPSR-involution @ 
on PlD(- 1) x B that accomplishes the cancellation (q)&& = 1. Suppose 
(K, Y, Tk, 0’) E PD(-l) x IEB. To define @(K, V, Tk, 0’) let a! be the smallest part 
that belongs to either K or V. If Q! is a part in K, then delete it and adjoin it to v; 
otherwise, delete one copy of a! in Y and adjoin it to K. 
We now have two WPSR-involutions $ and @ in PD(-1) x III and by the 
Involution Principle of Garsia and Milne, there exists a signed bijection ii, 
between their fixed point sets lFXD(-l) x a(A) and 
* 2k 
(0) x (8) x u u u&(-x) x zj(lh)* 
k=O j=O 
In the present case, we are able to completely identify 6~ 
We begin by considering elements in the fixed point set of 6. An element of 
the form (8,8, Tk, Oj) where j = 0 or 2k, is fixed by both 3 and @ and, hence, is 
lked by ii, also. 
For an element of the form (8, 0, Tk, Oj) where 0 <j C 2k, first consider the 
case 0 <j s k. We have: 
(f&8, Tk, oj) $ (0, (k), Tk_1, oj-‘) 0, ((k), 0, T&_-l, o’-‘) $ l l l 
(Note: 0’ = 8.) 
we also have: (T&J, 8, T&-j, 8) * l l l ’ ’ (0, 0, Tk, Oj). ThUS, 6l inter- 
changes (8,0, Tk, Oj) and (Tk,j, 8, Tk-j, 0) and these elements have the same 
weights. If k <j c 2k, then we have: 
As in the previous case, c3 interchanges these elements and they have the same 
weight. This accounts for all of the elements in the fixed point set of @; its weight 
is the right hand side of (1.2). 
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The remaining elements in the fixed point set of q must cancel via a sign 
reversal under 3. These consist of elements of the form (K, V, Tk, 0’) where j = 0 
or 2k, Y is k-compatible, and either K or Y is non-empty. We consider cases. The 
case y=@ and k:= Tk+li,h as already been considered. In what .follows, let cli be 
the smallest part in u: or V. 
Case l(a). tx beZungs to v but not K. 
Let (K, Y, Tk, Oj) L (K, v’, Tk, 0’). Then v’ is k-compatible and we have 
a sign reversal. Note also, that we hsve: smallest part of K’ = a! # k + @‘I + 1. 
Case l(b). Q! belongs to ic and 1y # k + ty[ + 1. 
These elements are interchanged by 3 with those considered in Case l(a). 
case 2. tx belongs to K, cy = k + IvI+ 1 and either Y # 0 or K # Tk+h,h. 
The case Y=@ and K=T k+h,h as already been considered. Suppose IVY= II 
and Y = (IQ, . . . , v,J where V~ an+k+l if n#O. Suppose K=(K~, l . l , Km, 
n+k+h,... ,n+k+l)=(R, To+k+h,h) where K$w+k+h+l if m#o. If 
we apply @ and $ to (K, v, Tk, 0’) alternately (/z times), we get (E, (vI + 
h 9***? v, + h), Tk+h, dCh). We must apply @ next; we consider two subcases. 
C&se 2(a). Km > v, + k. 
We note first that this includes the case m = 0. By applying @ h + 1 times and 
11 h times, we get (K’, Y’, G, 8’) where K’ = (R, v, + h, z+k+h__l,h) and Y’ = yd. 
We note that since the number of parts in K has increased by one, we have a sign 
reversal but that the weight is otherwise preserved. 
case 2(b). K~ =G v, -I- h. 
The case n = 0 is included here. With the same number of applications of @I 
and $ as above, we get (K’, Y’, t&t 0’) where EC’ = (R”, Tn+k+h+f,ti) and V’ = 
( ‘v, &l - h). We have a sign reversal as desired. 
We note that the ?VP-signed bijection ti injected the fixed point set of @ into 
the fixed point set of $ and all of the cancellations took place entirely within this 
latter set. Thus, we can think of t3 as being a WSPR-involution in this latter set 
with fixed point set the image of the fixed points of @ With this understanding, 
we define our WPSR-involution o of Section 2 by o = ii-” * 610 a; a WPSR- 
involution in IFplD( - 1) X Pl[p( 3) X PD( - l/x). 
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4. Generating fbwtion identities 
Several generating function identities follow from the involutions o of Section 
2 and 11 of Section 3. In this section we give one which is similar in spirit to those 
given by Knuth and Paterson. 
The involution o originally proved (1.2). However, it is easy to see that o fixes 
(A( - 1~1 so that o also proves the variant of (3.3) with (q)- on the left side. There 
is another statistic that o fixes; Ai + Ik] is fixed for IAl 2 1~1 and ~1~ + 1~1 is fixed 
for lpl> IAl. If we define the weight of (K, A, p) by 
(4 1) . 
we obtain 
= 2 (-y)k(xk + l l l + x-~) l q? (4.2) 
Other identities can be found by restricting o to subsets Lc of its domain., All 
elements E S such that o(s) $ S are declared to be fixed points of os = ols (see 
[6, Th. I]). For example, if S = {(K, A, p) : ~~ s n, A1 s II, p1 G n}, then the 
generating function for S is (4):. The fixed points of as 3~ the fixed points of w 
together with those elements E S such that w(s) $ S. These occur in Case l(b) 
when A1 =n, in Case 2(a) when ii=0 and h+m+pl,>nNz+m, and in Case 
2(b) when m = n. The generating function for these points can be given as a 
quadruple sum; instead, we state it as a theorem. 
Theorem. For any positive integer n, 
(4); - 5 (-l)k l (2k + 1) l q(&:l) (4 3) . 
k=O 
is the generating function for all triples of partitions (K, ?+ ,u) into distinct parts 
with largest part <n and such that: 
(1) 14 2 IPI and 
09 A = n and 0 < K, <f(n), or 
(b) K = Tm+,,, A = T,, ,u+fl, and h+m+~S>n~h+m, or 
0 C K = (2, ?iz+h), A=T,, and cl=@ or 
h+n+l<$<h+m+pS 
or 
(2) IpI> IAl and conditions (a), (b) or (c) with A and ~1 interchanged. 
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As a variation of the above, we can consider weights that o fixes “most of the 
time”; for example, J *lKI+*l+C(l. This time the bad set consists of Case 2(a) when 
IF]= 1 and Case 2(b) \ 5en p = 0. By defining 6 to 8x these points, we would 
have a WPSR-involution on all of the triples (K, A, cl). We omit further details. 
5. Remarks 
Franklin gave a WPSR-involution on the set lFXD(- 1) with fixed point set the 
partitions Tti-1,, and T&n which proves the Euler Pentagonal Number Theorem: 
a0 
(q)= = 1 + 2 (-1)” . (qn(3-2 + pn+wp* 
n=l 
If we let E be this involution and define an involution F on PlB( -1) x PltD( - 1) x 
PliD(-l) by applying P in some some fixed order then, together with o, we would 
have two WPSR-involutions on this set and by the Involution Principle, a signed 
bijection exists which establishes the identity 
[ 
1+ E (_I)” _ (qn(3n-l)n + f(3n+lm ,I3 = E (-1)“. (2n + 1) l qw (5.1) 
n=l n=O 
We have been unable to identify this involution explicitly. In fact, according to a 
computer un, if F is applied left to right on 2 triple to obtain F, then it takes 
7,713,453 applications of F and o to obtain the triple which cancels with 
(32,7654,7654). 
Our involution of Section 2 is an example of what Andrews [l] calls a “near 
bijection”. He asks for such an involution, whose fixed point set is small, to 
combinatorially prove some analytic conjectures. 
One may ask for what other exponents k can (4): be expanded simply. The 
Macdonald identities [8] allow k to be the dimension of a simple Lie algebra. 
Jacobi’s theorem corresponds to k = 3 and type Al, while k = 8 corresponds to 
type AZ, and k = 24 to A4. It would be interesting to see if a sign-reversing 
involution could be given for k = 24 which was motivated from k = 8. This could 
give a combinatorial approach to the non-vanishing of Ramanujan’s tau function. 
For k = 2 there is a result of Hecke and Rogers 
(s)f = E C (_lyz+m . q(n2-3m2+n+m)/2e 
m=--m na21rnl 
It would be interesting to find a sign-reversing involution for (5.2). 
te ad roof= The first author has found such an involution. 
(5 2) . 
The authors would like to thank David Bressoud, who informed us of the 
ogers- ecke identity (5.2). 
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